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Abst rac t - - In  this paper, a suggested program with fuzzy linear fractional objectives and stochas- 
tic fuzzy constraints i considered. The fuzzy coefficients and scalars in the linear fractional objectives, 
and the left-hand side fuzzy coeffÉcients of the constraints can be either trapezoidal or triangular 
fuzzy numbers. The right-hand sides of the constraints are considered independent random vari- 
ables with known distribution functions. A modified possibility programming approach, within the 
chance-constrained, is utilized to transform the suggested program to its equivalent deterministic- 
crisp multiobjective linear program, whether in the case of exceedance possibility or the case of strict 
exceedance possibility. A numerical example illustrates the proposed method. ~) 2004 Elsevier Ltd. 
All rights reserved. 
Keywords--Possibi l ity programming, Chance-constrained, Stochastic fuzzy multiobjective linear 
fractional programs. 
1. INTRODUCTION 
The earliest significant contribution to fuzzy mathematical programming has been stated by Zim- 
mermann [1,2]. Different attempts have been made in the area of multiobjective linear fractional 
programs. In this case, each objective takes the form of a ratio that has a linear numerator and 
denominator. Linear fractional objectives have different applications in the field of finance, such 
as: risk-assets to capital, actual capital to required capital, residential mortgages to total mort- 
gages, and foreign loans to actual loans. Also, for production planning, we may have inventory 
to sales and actual cost to standard cost [3]. Interactive fuzzy programming has been introduced 
in the case of two-level inear fractional programming problems, with single decision maker at 
the upper level and multiple decision makers at the lower level [3]. Also, a problem of structured 
multiobjective linear fractional programs with fuzzy numbers has been treated by an interactive 
fuzzy method [4]. A similar early work has been presented by Sakawa and Yano [5], they have 
introduced an interactive fuzzy method for solving multiobjective linear fractional programming 
problems. On the other hand, the case of stochastic fuzzy multiobjective linear programming 
problems has been considered by utilizing the possibility programming approach as well as the 
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chance-constrained approach [6,7]. In this paper, a suggested stochastic fuzzy multiobjective 
linear fractional program is presented, in which the fuzzy coefficients and scalars in the linear 
fractional objectives and the fuzzy coefficients in the left-hand side of the stochastic fuzzy con- 
straints are considered either trapezoidal or triangular fuzzy numbers; while the right-hand sides 
are assumed independent random variables with known distribution functions. Therefore, the 
chance-constrained approach and the possibility programming technique, that has been stated 
by Negi and Lee [8] and modified by Iskander [9], are utilized to transform the suggested program 
to its equivalent deterministic-crisp multiobjective linear program. An improvement ofthe Iskan- 
der's approach, to reduce the size of the transformed problem, is presented and utilized in this 
paper, whether in the case of exceedance possibility or the case of strict exceedance possibility. 
An illustrative numerical exampie demonstrates the feasibility of the proposed approach. 
2. PROBLEM FORMULATION 
In general, consider a stochastic fuzzy multiobjective linear fractional programming problem 
of the following form: 
Maximize 
subject o: 
- , r = 1 , . . . ,p ,  (1 )  
&ix1 +.. .  + g,~x~ + d,o 
aiaxi < bi, i = 1,...~ rn, (2) 
j=l  
xj > 0, j = 1, . . . ,n .  (3) 
Where x j, j = 1 , . . . ,  n are nonnegative decision variables, 5~j and d~j, j = 1 . . . .  , n are fuzzy 
coefficients, while 5r0 and dr0 are two fuzzy scalars, for the r th linear fractional objective function, 
r = 1,...  ,p, and p is the number of the distinct fuzzy linear fractional objective functions, bi, 
i = 1,... ,m are independent random variables with known distribution functions, while 5ij 
represents he fuzzy coefficient of the j th decision variable in the i th stochastic constraint. Thus, 
by incorporating predetermined tolerance measures 5i, 0 <_ 5i _< 1, i = 1,. . . ,  m, and by utilizing 
the chance-constrained approach, the set of stochastic fuzzy constraints (2) can be transformed 
to their deterministic fuzzy equivalents as follows [6,7]. 
then, 
Pr 5~3x 3 <hi >_5i, i = 1 . . . .  ,m,  (4)  
~-  F -1  a~jxj < ~ (~), i=t , . . . , r , , ,  (5) 
j=l 
where ~i = 1 - ai, and F(I( . )  is the inverse distribution function of the random variable hi, 
i = 1, . . . ,  m; which has to be continuous [7]. 
Accordingly, by using Charnes-Cooper's variable transformation [5], the deterministic multiob- 
jective fuzzy linear programming model that is equivalent to the model (1)-(3) can be presented 
as: 
Maximize ~ 5rjyj + 5rot, r = 1 , . . . ,  p, (6) 
j= l  
subject o: ~5{ jy j  - F(q(~i)t  < O, i = 1 , .~. ,m,  (7) 
j= l  
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Z drjYj Jr- dro t -- 1, r = 1 , . . .  ,p, 
j=l 
t, yj > O, j = 1 , . . . ,n ,  
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(8) 
(9) 
where yj = txj, j = 1,. . . ,  n, and t = 1/(&lx l  +".  + &,x ,  + &0). In the next section, the crisp 
equivalent of this model is presented. 
3. THE EQUIVALENT DETERMINISTIC-CRISP 
MULTIOBOJECTIVE LINEAR PROGRAMMING PROBLEM 
Different approaches can be used to transform a fuzzy programming model to its crisp equiv- 
alent. A possibility programming approach that has been presented by Negi and Lee [8], and 
modified by Iskander [9] is a useful and practical approach to be applied in our case. This ap- 
proach is applicable in the case of single objective and multiobjective fuzzy programs, also, it 
requires that the fuzzy coefficients ake the form of trapezoidal or triangular fuzzy numbers. On 
the other hand, the main advantage ofthis approach isthe modifications that have been presented 
by Iskander, which reduce the size of the crisp model compared to the One that is formulated by 
Negi and Lee. In addition, another modification can be suggested to Iskander's model as shown 
in the following proposition. 
PROPOSITION i .  The crisp constraints that represent he decision space can be omitted [7,9], 
whether in the case of strict exeeedance possibility or the case of exeeedance possibility. 
The logic behind this proposition is clear since setting the possibility that any fuzzy constraint 
leads to a feasible solution, is greater than or equal to a, c~ c (0, 1], should derivate a crisp 
constraint that implicitly satisfies the decision space. Therefore, if the original fuzzy linear pro- 
gramming model or fuzzy multiobjeetive linear programming model consists of (m) constraints, 
not including the nonnegativity constraints, and (n) decision variables, then the equivalent crisp 
model, for any of the two fuzzy models, according to Iskander's approach [9], should have the 
same number of constraints (m) and the same number of decision variables (n); while, according 
to Negi and Lee's approach [8], the crisp model has (2m + 3) constraints and (n + 1) decision 
variables, in the case of fuzzy linear programming; and (2m + 3p) constraints and (n +p) decision 
variables in the case of fuzzy multiobjective linear programming, where p is the number of fuzzy 
objectives. 
In order to utilize the possibility programming technique, throughout Iskander's approach, 
and the given proposition, in our deterministic fuzzy multiobjective linear programming mo- 
del (6)-(9), the fuzzy coefficients and scales 5, d, and 5 are going to be considered either trape- 
zoidal or triangular fuzzy numbers. Also, the case of exceedance possibility and the case of strict 
exceedance possibility are used for transforming the fuzzy model to its crisp equivalent. 
3.1. I f  5, d, and 5 Are Considered Trapezoidal Fuzzy Numbers  
According to the definition of a trapezoidal fuzzy number and its membership function [9], 
let 5rj = (_crj, crjl, crj2,Erj), drj = (drj, drjl, drj2, drj), and 5ij = (a~j, aijl, aij2,-aij), where 5rj 
and drj represent the model's coefficients and scalars, i.e., for j = 0,1, . . . ,n .  Then, the 
deterministic-crisp multiobjective linear programming model can be formulated whether in the 
case of exceedance possibility or in the case of strict exceedance possibility. 
(A) THE CASE OF EXCEEDANCE POSSIBILITY. In this case, the deterministic multiobjective 
fuzzy linear programming model (6)-(9) can be presented by its crisp equivalent as follows: 
Maximize ~((1- -a) -dr j+ae~j2)y j+((1- -a) -dro+aCro2)t ,  r=  l , . . . ,p ,  (10) 
j= l  
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subject o: ~_~ ((1 - c~)a_ij + c~aijl) yj - F(- l (#i)t  < O, i = 1, . . . :  m, (11) 
j : l  
~((1 -~)d~j+c~d~j l )y j+( (1 -c~)d_ro+c~dro l ) t<_ l  , r= l , . . . ,p ,  (12) 
j=l  
~((1 -c~) -d~j+~d~j2)y j+( (1 -~) -d~o+c~d~o2) t>_ l ,  r= l ,  ..,p, (13) 
j= l  
t, yj >_ 0, j = 1, . . . ,n.  (14) 
It should be noticed that (12) and (13) are the equivalent crisp constraints for the fuzzy constraint 
set (8). Also, 0, the maximum value of the membership functions or the highest possibility level, 
is considered equal to one, while the c~-level approach is utilized for any predetermined value of c~, 
e (0,11. 
(B) THE CASE Of STRICT EXCEEDANCE POSSIBILITY. Similarly, by taking ~ = 1, and for any 
predetermined value of ~, ~ e (0,1], the deterministic-crisp multiobjective linear programming 
model, according to the strict exceedance possibility can be stated as 
n 
Maximize E ((1 - a)-~j + acrj2) yj + ((1 - a)~0 + ~c~02) t, r = 1,... ,p, (15) 
j= l  
n 
subject o: ~ ((1 - c~)aij2 + (~-dij) yj - F/-l(/~i)t ~ 0, i = 1,... ,m, (16) 
j= l  
((1 - drj  + yj + ((1 - dr02 + t < 1, = 1, . . .  ,p, (17) 
j= l  
((1 - a) ?rj + a d~j2) yj + ((1 - a) dr0 + c~d~02) t > 1, r = 1,. . . ,  p, (18) 
j= l  
t, yj > O, j = 1 , . . . ,n .  (19) 
Also, the crisp constraints (17) and (18) are equivalent to the fuzzy constraint set (8). On 
the other hand, in the two models (10)-(14) and (15)-(19), we have the same set of objectives, 
decision variables, and also, constraints (13) and (18) are the same. 
3.2. I f  5, d~ and 5 Are Considered Triangular Fuzzy Numbers  
In this case, and based on the definition of a triangular fuzzy number and its membership 
function [9], let 5~j = (c~j, c~j,-a~j),drj -=  (d_rj,drj,'drj) , and 5ij -=  (ai j ,ai j ,ai j )  , where also, 5rj 
and d~j represent the model's coefficients and scalars. 
Then, the deterministic-crisp multiobjective linear programming model can be presented, by 
replacing crj1 and c~j2 by c~j; d~j~ and drj2 by drj; and a~jl and a~y~ by a~j, in the model (10)-(14) 
(the case of exceedance possibility), and in the model (15)-(19) (the case of strict exceedance 
possibility). 
Accordingly, the following two remarks hould be taken into consideration. 
First, the decision maker can change the type of the fuzzy numbers 5rj and/or c/~j for different 
values of r, i.e., from one objective to another; also, the type of the fuzzy numbers 5ij can be 
changed for different values of i, i.e., from one constraint to another. 
Second, it is recommended, in the case of exceedance possibility, to represent d as trapezoidal 
fuzzy numbers. This may avoid getting infeasible solution, especially as c~ gets larger. While, in 
the case of strict exceedance possibility, this recommendation has no effect. 
The following proposition clarifies that, in the case of strict exceedance possibility, the possible 
values of c~ should be set by c~ E (0, 0.5]. 
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PROPOSITION 2. According to the case o[ strict exceedance possibility, if the value of ~ is greater 
than 0.5, the solution of the model becomes infeasible. 
This proposition can be verified in the model (15)-(19). We have the same right-hand side 
in (17) and (18), with different inequality relation. Also, for the r th constraint in (17), the 
coefficients of the decision variables in the left-hand side are (1 - a) drj2 + a dry, j = 0, 1,. . . ,  n; 
while in (18), the corresponding coefficients are (1 - a)drj  + ad~j2. Therefore, for any r th 
constraint in (17) and (18), and for j = 0, 1,. . . ,  n, if (1 - a) drj2 + a d~j > (1 - a) drj + a d~j2, 
then infeasible solution should be obtained. In this case, (24 - 1)d~j > (24 - 1)d~3.2, i.e., 
24 - 1 > 0, and thus, a > 0.5. 
In the next section, our suggested approach is illustrated by a general numerical example. 
4. NUMERICAL  EXAMPLE 
To demonstrate he feasibility of the proposed approach, consider the following stochastic fuzzy 
multiobjective linear fractional programming problem. 
Maximize (4, 7, 10, 12)x~ + (8, 10, 14, 15)x2 + (2.5, 4, 7.5, 11.5)x3 ÷ (2, 3, 4, 6) 
Maximize 
subject o: 
(10, 14, 20, 22)xl + (20, 23.5, 27.5, 29)x2 + (18, 20, 25, 28)x3 + (5, 10, 18, 20)' 
(20, 24, 28)Xl + (18, 25, 30)x2 ÷ (14, 19, 25)x3 + (1, 6, 10) 
(14, 16,19, 23)xl + (18, 21, 25, 27)x2 ÷ (15, 20, 25, 30)x3 + (10, 15, 20, 25)' 
(10,17, 19, 25)xl + (14, 16, 22, 24)x2 + (20, 25, 27, 30)x3 < bl, 
(0.03, 0.07, 0.09)x~ + (0.05, 0.08, 0.1)x2 + (0.02, 0.06, 0.07)x3 _< b2, 
(4, 6, 10, 13)xl + (0, 5, 10, 15)x2 + (8, 11, 14, 20)x3 < b3, 
Xl ,X2 ,X  3 ~> O. 
Where bl, b2, and b3 are independent random variables, with bl normally distributed random 
variable having mean 50 and variance 36, b2 an upper truncated exponential random variable 
whose values do not exceed 12 and its probability density function f(b2) is given by f(b2) = 
e-b2~(1 -- e-12), while b3 is a uniformly distributed random variable on the interval [30, 40]. The 
decision maker's tolerance measures are 51 -- 0.8, 52 -- 0.4, and 53 = 0.5. Thus, Fi -1 (0.2) = 44.96, 
F21(0.6) -- 0.9163, and F31(0.5) -- 35. 
Therefore, the equivalent deterministic-crisp multiobjective linear programming model can be 
stated whether in the case of exceedance possibility or in the case of strict exceedance possibility. 
(A) THE CASE OF EXCEEDANCE POSSIBILITY. According to the model (10)-(14), the equivalent 
model can be presented as 
Maximize 
Maximize 
subject o 
(12 - 24)yl + (15 - a)y2 + (11.5 - 44)y3 + (6 - 2a)t, 
(28 - 44)yl + (30 - 54)y2 + (25 - 64)y3 + (10 - 4a)t, 
(10 + 7c )yl + (14 + 2 )y2 + (2o + 5 )y3 - 44.96t _< o, 
(0.03 + 0.04a)yl + (0.05 + 0.034)y2 + (0.02 + 0.04~)y3 - 0.9163t _< 0, 
(4 + 24)yl ÷ 54y2 + (8 ÷ 34)y3 -- 35t _< 0, 
(10 ÷ 4c~)yl ÷ (20 ÷ 3.5c~)y2 + (18 + 2c~)y3 + (5 + 5c~)t < 1, 
(14 ÷ 2~)yl ÷ (18 + 3c~)y2 ÷ (15 q- 54)y3 ÷ (10 + 5~)t < 1, 
(22 - 24)y1 ÷ (29 - 1.54)y2 + (28 - 34)y3 + (20 - 2c~)t >_ 1, 
(23 - 4 )yl + (27 - 2 )y2 + (30 - 5 )y3 + (25 - 5 )t > 1, 
t, Yl,Y2,y3 >_ O. 
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(B) THE CASE OF  STR ICT  EXCEEDANCE POSSIBILITY. The  mode l  (15)-(19) is utilized, in this 
case, to represent the equivalent model  as follows: 
Maximize 
Maximize 
subject to 
(12 - 2a)yl + (15 - a)y2 + (11.5 - 4a)y3 + (6 - 2a)t,  
(28 - 4a)yl + (30 - 5a)y2 + (25 - 6a)y3 + (10 - 4c~)t, 
(19 + 6a)yl + (22 + 2c~)y2 + (27 + 3a)y3 - 44.96t < 0, 
(0.07 + 0.02a)yl + (0.08 + 0.02a)y2 + (0.06 + 0.01a)yz - 0.9163t < 0, 
(10 + 3a)yl + (10 + 5a)y2 + (14 + 6a)y3 - 35t <_ 0, 
(20 + 2~)yl + (27.5 + 1.5~)~2 + (25 + 3~)y3 + (18 + 2~)t _< 1, 
(19 + 4~)y~ + (2~ + 2~)y~ + (25 + 5~)y3 + (20 + 5~)t < 1, 
(22 - 2a)y l  + (29 - 1.5a)y2 + (28 - 3a)y3 + (20 - 2a)t  > 1, 
(23 - 4a)y l  + (27 - 2a)y2 + (30 - 5c~)y3 + (25 - 5a)t > 1, 
t, yl,y2,y3 >_ O. 
The two problems are solved using the global criterion method, with equal weights, for different 
values of a. The GAMS package [10] is util ized for this purpose. The results are presented in 
Table 1. 
Accordingly, the values of the original decision variables can be calculated, whether in the case 
of exceedance possibil ity or the case of strict exceedance possibility, as shown in Table 2. 
Table 1. Results of the two problems. 
a=0.3  
= 0.5 
c~ = 0.8 
The Case of Exceedance 
Possibility 
t Yl Y2 Y3 
0.015 0.057 0 0 
0.016 0.053 0 0 
0.017 I 0.049 0 0 
I 
The Case of Strict Exceedance 
Possibility 
i 
t Yl Y2 Y3 
0.015 0.033 0 0 
0.014 0 .006 0.022 0 
No feasible solution 
Table 2. The values of the original decision variables. 
The Case of Strict Exceedance 
Possibility 
Xl x2 x3 
2.2 0 0 
0.429 1.571 0 
The Case of Exceedance 
Possibility 
Xl X2 X3 
a = 0,3 3.8 0 0 
a = 0.5 3.313 0 0 [ 
a = 0.8 2.882 I 0 0 No feasible solution 
Other values of a, i.e., levels of possibility, can be tested until the most satisfactory solution 
for the decision maker is derived. 
Finally, although using stochastic fuzzy constraints involves an added analytical effort, yet it 
allows the decision maker to deal with more real world problems, thus, his decisions will be based 
on more realistic data. 
5. CONCLUSIONS 
The suggested stochastic fuzzy multiobjective linear fractional program has been transformed 
to its equivalent deterministic-crisp multiobjective linear program. The chance-constrained ap- 
proach, and the modified possibil ity programming technique, for comparing fuzzy numbers, are 
utilized in the case of exceedance possibil ity and the case of strict exceedance possibility. Ac- 
cordingly, the original problem with (p) fuzzy linear fractional objectives, (m) stochastic fuzzy 
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constraints, and (n) nonnegative decision variables, is transformed to its equivalent deterministic- 
crisp multiobjective linear programming problem with (p) linear objectives, (m q- 2p) linear con- 
straints, and (n + 1) nonnegative decision variables. Therefore, the suggested approach can be 
efficiently applied in small or large scale problems and in single or multiobjective cases. On the 
other hand, the decision-maker can generate different solutions for different levels of possibility, 
to test the sensitivity of the results, and the most satisfactory one can be chosen. 
REFERENCES 
1. H.-J. Zimmermann, Fuzzy programming and linear programming with several objective functions, Fuzzy Sets 
and Systems 1, 45-55, (1978). 
2. H.-J. Zimmermann, Fuzzy mathematical programming, Computers and Operations Research 10, 291-298, 
(1983). 
3. M. Sakawa nd I. Nishizaki, Interactive fuzzy programming for cooperate wo-level linear fractional program- 
ming problems with multiple decision makers, International Journal of Fuzzy Systems 1, 48-59, (1999). 
4. M. Sakawa nd K. Kato, An interactive fuzzy satisficing method for structured multiobjective linear fractional 
programs with fuzzy numbers, European Journal of Operational Research 107, 575-589, (1998). 
5. M. Sakawa nd H. Yano, An interactive fuzzy satisficing method for multiobjective linear fractional program- 
ming problems, Fuzzy Sets and Systems 28, 129-144, (1988). 
6. M.Z. EI-Asharm and N.M. Girgis, Linear multiobjective programming under andomness and fuzziness, The 
Journal of Fuzzy Mathematics 4, 263-276, (1996). 
7. M.G. Iskander, Using different dominance criteria in stochastic fuzzy linear multiobjective programming: A 
case of fuzzy weighted objective function, Math. Comput. Modelling 37 (1/2), 167-176, (2003). 
8. D.S. Negi and E.S. Lee, Possibility programming by the comparison of fuzzy numbers, Computers Math. 
Applic. 25 (9), 43-50, (1993). 
9. M.G. Iskander, Comparison of fuzzy numbers using possibility programming: Comments and new concepts, 
Computers Math. Applic. 43 (6/7), 833-840, (2002). 
10. A. Brooke, D. Kendrick, A. Meeraus and R. Raman, GAMS: A User's Guide, GAMS Development Corpo- 
ration, Washington, DC, (1998). 
